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Abstract-The Lyapunov stability concept is introduced into consideration of popula- 
tion systems. The importance of this concept applied to the dynamic process of pop- 
ulation evolution is shown. The main theorems proved in this paper affirm that there 
exists a critical specific fertility rate for any population system and that this rate differs 
from one nation to the next. The critical value of specific fertility rates calculated for 
the People’s Republic of China is appended in the paper. 
1. INTRODUCTION 
The evolution process of population systems may be described by a partial differential 
equation or by its discrete equivalent, Leslie’s matrix model. In this paper the Lyapunov 
stability concept is introduced into consideration of population systems. The extreme 
importance of this concept applied to dynamic process of population evolution is shown. 
The main theorems proved in the paper affirm that there exists a critical specific fertility 
rate (CFR-maximum number of childbirths per female) for any population system, and 
that this rate differs from one nation to the next. The population evolution process be- 
comes unstable in the sense of Lyapunov if the actual specific rate is greater than its 
critical value. An analytical expression has been derived which can be used to calculate 
the critical value for any particular population. An equivalent version of the stability 
theorem is also proved for Leslie’s discrete model. 
The critical value of specific fertility rates calculated for the People’s Republic of 
China is appended to the end of the paper. The stability theory developed here may be 
applied to the world’s population as a closed dynamic system. The critical value defined 
by the stability theorem might be adopted as an upper bound for specific fertility rates of 
many countries in their population policy. 
Admittedly, the population evolution process can be described by a system of differ- 
ence equations, i.e., Leslie’s model [l-3]. Recently, it has been shown that the popu- 
lation process can be expressed in the form of linear partial differential equations with 
appropriate boundary conditions [4-61. It is seen from the discussion below that the latter 
is an equivalent continuous version of the first. A retrospective verification of these 
models by survey data collected in the People’s Republic of China has given gratifying 
correspondence, the margins of error appeared to be comparable to those of census 
statistics. 
From the viewpoint of dynamic population systems, during the evolution process the 
females of childbearing age are continuously producing offspring, thus creating a positive 
feedback gain over the system. A closed population system with positive feedback will 
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be defined mathematically in Sec. 2 in the form of a partial differential equation. In Sec. 
3 the relationship between two kinds of models will be established through discretization 
of the partial differential equation. We shall in detail study the stability problem of pop- 
ulation systems in Sec. 4. Here a Lyapunov stability theorem for the continuous case is 
proved, and an analytical expression of the critical fertility rate (CFR) is obtained as an 
immediate consequence of the theorem. In Sec. 5, a similar theorem is proved for Leslie’s 
model. Finally, the CFR of China is calculated based on survey data from large rural 
and urban regions in 1975 and 1978, and are appended to the end of the paper. 
According to the definition of Lyapunov, the stability of linear systems is independent 
of the particular type of external perturbation. Thus, the results obtained in the paper 
may be applied, not only for studying the world’s population as a closed system, but also 
for investigation of population evolution processes in countries with migration. The crit- 
ical fertility rates obtained in Sets. 4 and 5 could be taken into account in the population 
policy of various countries and the United Nations as well. 
2. COMPLETE DESCRIPTION OF POPULATION SYSTEMS 
Consider a community with a sufiiciently large population. Suppose F(r,r) denotes the 
number of individuals aged less than r at time r. F is called the population function. We 
assume that F(r,t) is well behaved and define 
(1-l) 
to be the age distribution of the population at time t . Admittedly, the population evolution 
process can be described by a linear partial differential equation with appropriate bound- 
ary conditions 14-6, 133: 
a~ ap at+-= ar -p(r,t)p + f(r,t), t 2 to, 0 5 r 5 Tm, 
P(rJo) = PO@), P(W) = v(t) 9 
(1.2) 
where &,t) is the mortality function, pa(r) denotes the initial age pattern at time to.cp(t) 
is the absolute fertility rate of the whole community, r, is the highest age ever attained, 
and f(r,t) is the migration rate function. Having stipulated functions &,t), pa(r). and 
q(r), we can solve Eq. (1.2) to get the prospective future age composition of the population 
p(r,t) after to. 
However, Eq. (1.2) describes an open-loop system. It becomes a closed-loop dynam- 
ical system if the fertility rate cp(r) can be expressed by the current population state p(r,f). 
If /.3(f) is the specific fertility rate and h(r,t) the normalized fertility pattern of females at 
time t, [rl,r.J denotes their fecundity period and k(r,t) denotes the age-dependent sex 
ratio of females to the total population between age r and r + dr. It is natural to define 
where h (r,r) is subjected to 
I 
r2 
h (r,t) dr = 1 . (1.4) 
r1 
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It is easy to see that p(r) means the average number of childbirths per female during her 
reproductive period. 
In order to study the Lyapunov stability problem of population systems, we naturally 
can ignore the migration function f(r,t) in (1.2), since the system’s stability property is 
independent of external perturbation [ 121. 
Combining Eqs. (1.2) and (1.3), we get a closed dynamic system with positive feedback 
imposed on the boundary. Setting to = 0, we have 
ap ap jy + - = -&,t)p , ar 
P(r,O) = POW , 
P(W) = Cpw = P(t) ~r’w.r) h( ,t)p(r,t) dr . 
r1 
(1.5) 
We notice that all functions appearing in the equation may be determined based on 
past and current demographic statistics, while their prospective values can to some extent 
be predicted by demographic analysis and reasonable assumptions. Thus, for the purposes 
of this paper, we shall assume that all functions appearing as coefficients and boundary 
conditions are known. 
3. DISCRETE POPULATION EQUATION 
The discrete population equation known as Leslie’s model needs no extensive elabo- 
ration. In this section, we intend only to show that the discrete equation can be naturally 
derived from the partial differential equation given in Sec. 2 by means of discretization 
in both the age variable r and the time t. In doing so the time and age units are to be 
determined by the feature of data available in census. Suppose that the age distribution 
is broken up into m + 1 age groups with one year intervals and considered at discrete 
points of time, t = 0,1,2, . . . . We define 
JT 
i+1 
Xi(t) = p(r,t) dr, i = 0,l.. . m, t = 0,l.. . (2.1) 
and 
denotes total number of children born during the year immediately before the standard 
census time t, and x0(t) is the part of Jr(t) still living at t. We have 
x0 (0 = (1 -poo (t))+,(r) 9 (2.3) 
where ccoo (t) is the per annum mortality rate of newborns. 
Because drldt = 1 always holds, from the first equation of (1.4) follows 
p (r+Ar, r+At) - p(r,t) = -_~~(r,t)p(r,t) At . 
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We assume further that p(r,t) is continuous, then 
I 
if1 
p.(r,t)p(r,t) dr = p(7,t)xi(t) ,3 E [i, i+l) . 
i 
Setting Ar = At = 1 yr, one can define 
if1 
p+(t) - k(T,t) At = p(i,t) Ar * k(r,t) dr l (2.4) 
Obviously, /.Q (t) denotes per annum mortality rate of age group xi(t) in the time interval 
(t, t+l). 
In similar manner, the sex ratio k(r,t) and fertility pattern h(r,t) can be discretized to 
be sequences of each age group {k,(t), b (t) . . . k,,,(t)} and {h,(t), h (t) . . . h,(t)}. Ap- 
parently, some h(t) must be zero. Thus, we obtain a complete system of difference 
equations equivalent o Leslie’s matrix model: 
xf+lv+l) = (1 - /4U))x*W 9 i = 0,l.. . m-l , 
XOU) = (1 - kov~) tw 9 
W) = j3W ,$, ki (Oh 0) xf (t) 3 
where the h,(t) are subjected to the condition of normalization 
,$ h,(t) = 1. 
1 
(2.5) 
(2.6) 
The function p(t) has different meaning than that in (1.3), which is said to be the per 
annum specific fertility rate. 
It is important o stress that Eq. (2.5) implies 
Pi(t) = 
xi (0 -x1+10+1) 
4 (0 
, i = 0,l.. . m-l. 
We call it the forward mortality rate. However, in demography there are two other 
definitions, namely, the backward mortality rate 
TlO) = 
X*_l(t-1) - Xi(t) 
j xi(t) ’ 
and midyear mortality rate 
5r(t) = xi(t) - xi+l(r+l) 
3 bf (0 + xt+l(t + 1) 1. 
We see that the three definitions are quite different. For discrete description of populatior 
evolution in Eq. (2.5) only w(t) is needed. 
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For convenience in treating the demographic statistics it is useful to write down the 
relations between three different definitions, the proofs of which are almost trivial, 
If(t) = 
Vi+1 (t) 
1 + Ti+1W ’
<i(t) = 
2ILi(t) 7710) 
p+(1) + n(t) ’ 
i = o 1 m 1 
’ . * . - . 
4. LYAPUNOV STABILITY OF POPULATION SYSTEMS 
Now it is proper for the occasion to recall the concept of Lyapunov stability applied 
to population systems. A linear dynamic system is said to be stable in the sense of 
Lyapunov if any initial perturbation of population state causes only limited change as t 
approaches infinity. Conversely, for unstable systems, an arbitrarily small initial increase 
of the younger portion of the population will lead to unbounded increase in population 
size as t approaches infinity. It is easy to prove that in a linear system all possible 
evolution processes of the system are stable if and only if any arbitrarily chosen solution 
is bounded. 
As seen from foregoing discussions, the evolution process of a given population is 
wholly determined by a system of equations (1.5), and which is itself defined by the 
mortality function p(r, t), sex ratio k(r, t), fertility pattern h(r,t), specific fertility rate 
P(t), and initial age distribution of the population pa(r). Hence, Eq. (1.5) describes a 
linear system with variable coefficients. However, all these functions can be expected to 
be slowly varying in a continued peacetime. In this section, we shall prove a stability 
theorem for systems with coefficients independent of time. Namely, we shall study the 
system 
ap ap 
z + - = - cl(rlp, ar r,t E fl , 
where 
p(rJV = PO(r) 9 
I 
-2 
P(W) = do = P(t) k W (r)p (r.6 dr , 
rl 
~={O<r< r,;O<t<w}. 
(3.1) 
For our purpose it is enough to assume that the solutions p(r,t) of (3.1) are square 
integrable in age r at any fixed t, i.e., p(r,t) E L’(O, rm). Consequently, every function 
p(r) in L*(O, r,) has as its norm 
II p(r) II = [ I,‘mPz (6 &] I”. 
Let pdr,t) and pl(r,t) be two different solutions of (3.1) corresponding to initial age 
distributions pdr) and PI(r), respectively. The population system (3.1) is called Lyapunov 
stable if for any E > 0 there exists 6 > 0 once 11 p1 (r) - PO(r) II < 6, the inequality 
II 14 (r4 - p0(rA II < E 
holds for any t, 0 < t < 03. 
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Now our purpose is to find out the whole range of values for /3(t) = const. at which 
the system (1.5) is Lyapunov stable. So long as (5.1) is linear, it suffices to investigate 
the stability of any particular solution of (3.1). Suppose the solution p(r,t) of (3.1) is in 
the Sobolev space P2(fI), then its derivatives aplar and splat are in L2(0) [81. We can 
apply the Laplace transform to p(r,t) and its derivatives with respect to the variable t 
[9]. By definition, it is simple to verify that 
I 
m 
p(r,r) em” dt = P(r,A) , 
0 
- edu dt = AP(r,A) - p,(r) , (3.2) 
I m ap -_-At* =Ep, o ar 
where A is some constant complex number with real part greater than some abscissa of 
absolute convergence a0 < 03. Having applied the Laplace transform to both sides of 
(3.1), one gets the following ordinary differential equation with initial value: 
$ + (A + NY = PO(r), 
W4A) = 4(A) = P(P(rA), k(r)h(r)) . 
where ( , > is denoted the scalar product in L* (O,r,): 
( W,A), k (r)h (r)) = /rmP(r,A)t (r)h (r) dr 
0 
I 
rz 
= W,W @P @) dr 
TI 
(3.4) 
This equation may be solved directly by means of quadrature. Its general solution comes 
from the theory of ordinary equations, 
(3.5) 
The integral constant C1 can be obtained from the initial value of (3.3): 
CI = P(O,A) = /3( P(r,A), k(r)h(r)) . 
Substituting Cl’s value into (3.5), we may write 
P(r,A) = e P (f?r, A), k (rY (r)) I 
r I ‘I&) Q + PO(s) e ds . I (3.6) 0 
In order to find an explicit 
k(r)h(r) and find that 
(P(r, A), k (r)h (4) 
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expression for P(r,h), we multiply both sides of (3.6) by 
( e-L_6rc(p)dp c ‘PO(s) ehs+o’p(p)dp ds, k (r)h (r)) I 
- 
1 - /3(e+- d ‘m @, k (r)h (r)) 
Thus, the explicit solution of (3.3) is 
P(r,A) = e -b- ‘&J)dp I 
[ 
P(e-k-~r~‘*/rPO(~) eXr+.6’P@)dp ds, k(r)h(r)) x 
0 
1 -p(e --A+@) ““, k (r)h (r)) 
+ 
I 
r 
PO(s) eL + ‘p(p)dp dS . I (3.7) 
0 
I 
It is clear, for any fixed r the solution of (3.1) is (3.7). The inverse Laplace Transform 
PPJ) = & 
I 
o+iro 
e” P(r,A) dh 
o-i- 
will be bounded while t approaches infinity if and only if the characteristic equation 
1 - /3(e+_I’ 
cs 
ati) &, k(r)h (r)) = 1 - p 
I 1 
eTti’- ‘p@) +k(r)h(r) dr = 0 (3.8) 
0 
has all zeros of nonpositive real part, because the right side of (3.7) is an analytic function 
of A except at zero points of (3.8). 
Now we define the quantity 
&=( Iwe-- ‘&) “k (f)h (r) dr 
0 ) 
-1 
, (3.9) 
and prove the central theorem of the paper. 
THEOREM 3.1. A given population system described by the partial differential equation 
(3.1) with positive p is stable in the sense of Lyapunov if and only if the specific fertility 
rate p I p,,. The quantity Per is said to be the critical fertility rate (CFR) of the given 
population. 
Proof. We shall prove the sufficiency first. Let 0 < p 5 p,,, and A0 be a zero of (3.8). 
The function 
F(r) = e - I ‘I&) @k (r)h (F-) , (3.10) 
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by definition of k(r) and h(r), is nonnegative and differs from zero only in the interval 
[r1, r2 I. Since p > 0, we have 
P =(lrre -+d’@@) Qk (r)h (r) dr ) 
-1 
. 
The assumption 0 < p 5 & implies that 
On the other hand, the positive number 
/3-l = C e+@F(r) dr I jr: 1 e+l F(r) dr 7 I: e-+ ?oF(r) dr . 
A comparision of two inequalities yields 
1 
n 
(1 - e-’ R&a) F(r) dr I 0 . 
Apparently, this inequality holds only if ReX, 5 0. 
The necessity is almost obvious. Assume that A,, 
real part. Inasmuch as p > 0 and F(r) L 0, we have 
is a zero of (3.8) with nonpositive 
I 
5 
0=1-p e-@F(r) dr 5 1 - &? , 
‘1 
which implies immediately /3 zz p,,. 
Finally, it remains to investigate the case j3 = &,. It is easy to see that in such a case 
A = 0 is a simple zero of (3.8), for 
The theorem is completely proved in virtue of the residue theorem from the theory of 
complex variables. 
The extreme importance of the theorem may be seen from the following: 
Corolhy . If a community kept the specific fertility rate /3 to be constant and greater 
than its critical value, then the size of population would increase unboundedly as time t 
tends to infinity. 
Proof. It suffices to show that if/3 > &, there appears at least one positive X, satisfying 
the characteristic equation (3.8) such that the age distribution function is p(r,t). Hence 
its integral grows unboundedly when t tends to infinity provided the initial age distribution 
p,,(r) > 0 in a subset of [OJ,] with positive Lebesque measure (for brevity we call it 
regular). 
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Indeed, if we suppose f3 > & > 0 and denote 
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(3.11) 
then 
f(0) = 1 - p&? < 0. (3.12) 
Now let A = a, a is some real number. Bearing in mind that h(r) = 0 outside the female’s 
fecundity interval [~,,r~], putting a to be large enough, we can write the following 
inequality: 
(3.13) 
Since f(h) is a continuous (even analytic) function of A, the inequalities (3.12) and (3.13) 
imply that there exists a positive real number X, between 0 and a satisfying the charac- 
teristic equation (3.8), that is f(A,,) = 0. In virtue of the inverse Laplace Transform, for 
all regular p. (r) defined above the norm 11 p(r,t) 11, the population size becomes arbitrarily 
large as t tends to infinity. Thus, the corollary has been proved. 
However, in demographic statistics only annual average vital rates B, hi, and mean 
female sex ratio kr are available, the definition of CFR can obtain its best approximation 
as 
(3.14) 
This expression shows that a particular combination of vital rates and sex ratio determines 
/3,, uniquely for a given community. 
5. THE CRITICAL FERTILITY RATES FOR DISCRETE EQUATIONS 
Now we return to study the Lyapunov stability problem for discrete population equa- 
tions (Leslie model) (2.5), which may be written more neatly in matrix form 
x(t+l) = Hx(t) + PBx(t), x(0) = x0 . (4.1) 
where x = {x,, x2 . . . x,}, and 
, B= 
6, & . . . b,,, 
0 ‘0’ . . . 0 
(4.2) 
h = (~-/Jw) (l-~lo)khir i = 1,2...m. 
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It should be noticed that in this section all h, hi, kf, and /3 are supposed to be independent 
of time t. 
A direct computation shows that 
f(A) = detlh-(H+@)] = Am - p [blhm-l + b2 (1 -fi))hm-’ 
m-l 
+ .** + b,,, i2 (1 -/&I. 
(4.3) 
We shall proceed in similar manner as done in previous section. We begin by constructing 
the function 
P(A) = 
Am 
m-l (4.4) 
b,A”-’ + b,(l--fi) A’+* + ... + b,,, I-I (1-b) 
i-1 
Certainly, some of the hi’s may be zero. Substituting A = 1 into (4.7) we obtain a real 
number & as 
a =P(I)= 
1 
bl + & (1-k) + **a + b, ;I$ -pi0 
(4.5) 
As known from control theory, the system (4.1) is Lyapunov stable if and only if all 
roots of its characteristic equation 
f(A) = det[A - (H+PB)] = 0 (4.6) 
are situated inside a unit circle of the complex plane or on its circumference. In the later 
case the root should be simple. Conversely, if there is even one root outside the unit 
circle, or there are roots on the circumference of the unit circle with multiplicity greater 
than one, the system will be unstable. Based on this fact we can prove the following 
stability theorem equivalent to Theorem 3.1. 
THEOREM 4.1. The population system described by (4.1) is stable in the sense of 
Lyapunov if and only if the specific fertility rate p is not greater than its critical value 
&,, which is exactly equal to & defined by (4.5). 
Proof. We shall prove the necessity first. Suppose that all roots {A,} of (4.6) are in the 
unit circle, 1 Ai 5 1, We have to show that in (4.1) /3 must be less than or equal to &, 
defined by (4.5). If, otherwise, p > &, we have from (4.3) 
f(l)=l-PP;‘<O. 
Let A = a be a positive real number, 
m-l 
f(u) = d” - P[&d”-’ + b (1 -/J&P-* + ... + bm i! (1 -l(r)] 
= CP [l - /3&u-’ + **. + b,u-“‘~ll(l -/.Q))] . 
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It is clear, when a is large enough, f(a) > 0. Since f(h) is a continuous function of A 
there exists a ho > 1 satisfyingf(AJ = 0, contrary to the assumption that all roots of (4.5) 
are inside the unit circle. 
On the other hand, let p d p1 , and & # 0 be a root of (4.6). Then we have the following 
estimate: 
m-1 
1 = fl[blh,’ + & (I-fi)X;* + *** + b,nA;miI! (1 -&I 
m-l 
b&p + *-- 
s 
+ bmlbI-mi, (1 -/hi) 
m-1 
b, +b,(l-~)+“‘+b,rI(l-j&,’ 
i-1 
which implies /A& l 2 1, i.e., 14 I 1. 
It remains to consider what happens when p = /3,. It follows from (4.4) that in this 
case A = 1 is a root of (4.6). It is easy to show that A = 1 is a sample root. Otherwise, 
m-2 
f(l)= m - Pl[(m-I)bl -t... + b,_, II (l-&l, 
id 
hence, 
m-1 
&[bl +2&(1-b) + -** + mb,(? (I-41 = 0, 
which is absurd, since bi 1 0, (1 -m) z 0 and they cannot be all zero. Thus, the theorem 
is proved completely. 
It should be emphasized that whenever p > fi , namely, the actual specific fertility rate 
is greater than its critical value, in the characteristic equation (4.6) there appears a root 
A,, > 1, that makes the population equation Lyapunov unstable. This implies that the 
population size would increase unboundly as the time r tends to infinity. 
It is interesting to compare the expressions of CFR for continuous and discrete pop- 
ulation equations: 
= 
i 
s kthi e-Obo + &d&) --I,
iw, 1 
a = 
( 
2 kihi (1 -j&0)(1 -/LO) a . . (1 -/Li-l) -l. 
i-r, 1 
(4.7) 
It is apparent that p1 is a first order approximation of p,,. In the second expression (1-w) 
appears instead of e-*‘, and other linear differences between them can also be seen. This 
is a fair manifestation of the close relationship between continuous and discrete popula- 
tion models and of their accuracy in description of population processes. 
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6. THE CRITICAL FERTILITY RATES FOR 
THE PEOPLE’S REPUBLIC OF CHINA 
We have seen from the foregoing discussion that the CFR is uniquely defined by the 
mortality rate p(r), the female sex ratio k(r), and the fertility pattern h(r) of the com- 
munity concerned regardless of what models are to be taken. Observing the expressions 
(3.14) and (4.7) in detail, one can discover, among other things, the important fact that 
the value of the CFR will be increased if the maximum of the normalized fertility pattern 
could be moved to the right, while the mortality rate and sex ratio remained unchanged. 
That means the policy of encouraging postponed marriage and childbearing would im- 
prove the Lyapunov stability of a given population system. This effect might especially 
be taken advantage of in population policy for countries with relatively high vital rates. 
In particular, the government of the People’s Republic of China has successfully reduced 
the birth rate from 43% in 1963 to 17.9% in 1979 by carrying out the policy “late marriage, 
late childbearing, and fewer children.” 
Table 1. The annual mortality rates and female sex ratio estimated for China in 1975 and 1978. 
Age 
Backward mortality q, Forward mortality CL( sex ratio k,(%) 
1975 1978 1975 1978 1975 1978 
0 
: 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
0.0165 
0.0104 
0.0059 
0.0041 
0.0025 
0.0019 0.0028 
0.0014 0.0020 
0.0012 0.0015 
0.0011 0.0014 
0.0008 0.0011 
0.0007 0.0010 
0.0006 0.0008 
0.0006 0.0009 
0.0006 0.0007 
0.0007 0.0006 
0.00% 0.0007 
0.0007 0.0007 
0.0008 0.0008 
0.0009 0.0009 
0.0009 0.0010 
0.0011 0.0012 
0.0010 0.0011 
0.0011 
0.0011 
0.0011 0.0014 
0.0013 0.0014 
0.0011 0.0012 
0.0016 0.0016 
0.0014 0.0015 
0.0013 0.0014 
0.0015 0.0018 
0.0015 
0.0017 
0.0016 0.0015 
0.0017 0.0018 
0.0020 0.0021 
0.0020 0.0022 
0.0020 0.0019 
0.0023 0.0027 
0.0024 0.0022 
0.0028 0.0029 
0.0166 
0.0121 
0.0083 
0.0057 
0.0038 
0.0012 
0.0013 
0.0014 
0.0017 
0.0162 
0.0103 
0.0059 
0.0041 
0.0025 
0.0019 
0.0014 
0.0012 
0.0011 
O.OlXM 
0.0007 
0.0006 
0.0006 
0.0006 
0.0007 
0.00% 
0.0007 
0.0008 
0.0009 
0.0009 
0.0011 
0.0010 
0.0011 
0.0011 
0.0011 
0.0013 
0.0012 
0.0016 
0.0014 
0.0013 
0.0015 
0.0015 
0.0017 
0.0016 
0.0017 
0.0020 
0.0020 
0.0020 
0.0023 
0.0024 
0.0028 
0.0162 48.39 
0.0120 48.68 
0.0082 48.83 
0.0057 48.80 
0.0038 48.89 
0.0028 48.83 
0.0020 48.86 
0.0015 48.87 
0.0014 48.77 
0.0011 48.86 
0.0010 48.91 
0.0008 48.93 
0.0009 48.95 
0.0007 48.71 
0.0006 48.76 
0.0007 48.69 
0.0007 48.62 
0.0008 48.63 
0.0009 48.55 
0.0010 48.87 
0.0012 48.92 
0.0011 49.63 
0.0012 49.67 
0.0013 49.51 
0.0014 49.44 
0.0014 48.79 
0.0012 48.01 
0.0016 47.97 
0.0015 46.40 
0.0014 47.73 
0.0018 48.13 
0.0014 48.15 
0.0017 48.07 
0.0015 48.32 
0.0018 48.48 
0.0021 48.45 
0.0022 49.04 
0.0019 48.55 
0.0027 48.07 
0.0022 47.96 
0.0029 48.05 
48.43 
48.92 
48.51 
48.81 
48.89 
48.92 
48.92 
49.09 
48.83 
48.75 
48.71 
48.69 
48.72 
48.79 
48.80 
49.42 
49.44 
48.71 
48.95 
48.86 
49.22 
48.79 
48.60 
49.17 
48.83 
48.97 
48.52 
48.83 
48.12 
47.52 
47.65 
47.10 
47.68 
47.90 
47.61 
47.37 
47.11 
46.93 
46.64 
47.24 
46.41 
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Some values of the CFR for China are presented below which is computed according 
to (3.14) and (4.7) and based on survey data collected from large urban and rural regions 
in 1975 and 1978. The estimated annual mortality rates k and female sex ratio ki are 
presented in Table 1. The fertility pattern h(r) is estimated based on limited statistics 
from a few counties and cities. 
It appears that h(r) may be fairly approximated by a x2 distribution with two adjustable 
parameters, the lowest and peak childbearing ages rl and T,,,~, respectively: 
i 
1 
h(r,r) = 2”‘%/2) 
(r_rly”/2’-l e-w-r,)/2, rrr1, 
(5.1) 
0 , tsr1. 
It is easy to verify that 
I 
r2 
I 
a 
h(r) dr = h(r)dr= 1, 
71 0 
and 
rmax = rl + n-2. (5.2) 
setting rl = 19-20, rmav = 25-26, and substituting the discretized values of h(r) into 
(3.17) and (4.7), we can calculate the values of CFR p,, and p, corresponding to different 
models for 1975 and 1979, which are given in Table 2. 
Table 2. The CFR for People’s Republic of 
China. 
1975 2.1600 2.2245 
1978 2.1943 2.2639 
It should be noticed that the values & and & obtained from discrete and continuous 
models are slightly different. As we have remarked already, the expression (4.7) for PI, 
is only a first order approximation of & from (3.14). Thus, we have reason to expect 
that (3.14) might bring out a better description of the situation of population evolution 
process than (4.7). 
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